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Abstract. In this paper we investigate the asymptotic behavior of polynomials that are orthonormal over 
the interior domain of an analytic Jordan curve L with respect to area measure. We prove that, inside L, 
these polynomials behave asymptotically like a sequence of certain integrals involving the canonical conformal 
map of the exterior of L onto the exterior of the unit circle and certain meromorphic kernel function defined in 
I terms of a conformal map of the interior of L onto the unit disk. The error term in the integral representation 

, is proven to decay geometrically and sufficiently fast, allowing us to obtain more precise asymptotic formulas 

for the polynomials under certain additional geometric considerations. These formulas yield, in turn, fine 
' results on the location, limiting distribution and accumulation points of the zeros of the polynomials. 

o' 

o 

1. Introduction 

' Let Li be an analytic Jordan curve in the complex plane C and let and Gi be, respectively, the 
' unbounded and bounded components of C \ Li. Let {-Pn(-z)}5^o the unique sequence of polynomials 
^ orthonormal over Gi, i.e., satisfying 

\ Pn{z) = Knz"' + lower degree terms, k„ > 0, (1) 



(N 

> 



- [ Pn{z)P^{z)dA{z) = I 



where dA denotes the area measure. 
\^ ■ These polynomials were first studied by Carleman [Ij in 1922, who proved that they satisfy the strong 
lO . asymptotic formula 

Pn{z) = V^<P'{zmz)Y' [1 + 0(1)] 

^ ' locally uniformly as n — > oo on certain open set Q.p D Oi, where (j) is the conformal map of Qi onto the 
T— I exterior of the unit circle satisfying that (/'(oo) = oo, (p'{oo) > (see Theorem 12.11 below for more details). 
C , In particular, it follows that the zeros of Pn must accumulate as n — > oo on C \ Op. 

^p. However, despite the fact that Carleman's work pioneered the study of polynomials orthogonal over planar 
. ^ ' domains, and that several subsequent works have been devoted to the subject (see, e.g., [6], [16], [18], [TT] . 
^ , [8], [l3]), no significant progress has been made in understanding the behavior of the polynomials Pn{z) and 
5— I ' its zeros in the orthogonality domain Gi (more exactly, in C \ 0,p). The aim of this paper is precisely to 
clarify this fundamental question. 

The precise statements of our results are contained in Section [2] below. Roughly speaking, we show that 
the behavior of P„ inside Gi is governed by both the exterior map (j) and certain meromorphic "kernel 
function" L{(^,z), which is defined in terms of a conformal map ip of Gi onto the unit disk by 

L(C z) - ^'^^^^'^'^ 

More exactly, (p and L(C, z) canalize their influence over through the asymptotic integral representation 
Pn{z)=^-—-^. i L{C,z)[mT^^dC + o{l), z€G^. (3) 



27rz 



The full version of ([3]), that is, with a good estimate on the rate of decay of the error term, is stated as 
Theorem 12.21 of Subsection 12.11 
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We then exploit such a representation to obtain very detailed asymptotics of P„ (see Theorems 12.41 and 
of Subsection I2.ip valid for certain quite general sets Qp having piecewise analytic boundary {Qp is the 
set on which Carleman's formula holds). Of particular interest is Theorem 12.41 which depicts the oscillatory 
behavior of P„ in the interior of C \ ilp. As a consequence, fine results on the location, limiting distribution 
and accumulation points of the zeros of the polynomials follow. These are discussed in Subsection 12.21 

In Subsection 12.31 we examine in detail the case of Li being the lemniscate {z : \z^ — 1| = R^}, where 
s > 2 is an integer and R> 1. This example illustrates the situation in which Theorem 12.41 fails to describe 
the behavior of certain subsequences of {Pn}n>o- In particular, it exemplifies what could happen if a key 
hypothesis in the statement of some of the zero results fails to hold true. Finally, the proof of all the results 
are given in Section [3l 

It is important to remark that the results obtained in this paper have their counterparts for polynomials 
orthogonal over an analytic curve with respect to a positive analytic weight. These will appear in a paper 
to be submitted for publication soon. 

We also remark that another important system of polynomials associated with a Jordan curve, the so- 
called Faber polynomials (see the monograph ^9j), also satisfies an integral representation similar (though 
simpler and exact) to ([3]). In a recent paper [12], the author has exploited such a representation to derive 
precise asymptotic formulas for the Faber polynomials associated to a piecewise analytic curve. The results 
and techniques of proof in [12] exhibit a resemblance to those of the present paper that is worth noticing, 
since Faber polynomials have been often used as a tool for obtaining asymptotic properties of orthogonal 
polynomials over curves and regions. 

2. Main results 

2.1. Asymptotic formulas. The following notation will be used throughout the paper. Given r > 0, we 
set 

:= {w : \w\ = r}, Kr := {w : r < |w| < cxd}, := {w : \w\ < r}. 

If is a set and / is a function defined on K, K denotes the closure of K and f{K) := {f{z) : z G K}. 

As in the introduction, Li is an analytic Jordan curve in the complex plane and Vti and Gi are, respectively, 
the unbounded and bounded components of C \ Li. 

Let ip{w) be the unique conformal map of Ei onto Vti satisfying that V'(oo) = c«, ^ip^co) > 0. Let p > 
be the smallest number such that ip has an analytic and univalent continuation from Ei to Ep. Because Li 
is analytic, p < 1. For every r £ [p, oo), let 

and let <j){z) : i}p ^Kp be the inverse of ip. Observe that, for every r > 1, is an analytic Jordan curve. 

The polynomials Pn{z), n = 0,1,2, ... , that are orthonormal over Gi with respect to area measure, that 
is, satisfying ([1]) and ([2]), were first considered by Carleman in We will refer to them as the Carleman 
polynomials for the curve Li (or for the domain Gi ) . 

Theorem 2.1. (Carleman py) The following asymptotic formulas hold true: 

= [0'(OO)]"+1 [l + O (p2")] , 



Pn{z) = V^^ct>'{zmz)f [1 + hn{z)] , Z^VLp, (4) 

where hn{z) converges uniformly to zero as n ^ oo on each Lr, p < r < oo, with the following rate: 

■ 0{p^), r>l, 
hn{z) = \ Oi^p""), r = l, (5) 

0{n-^'^{p/rT), p<r<l. 

Note that, by the maximum modulus principle for analytic functions, the estimates given for hn{z) on Lr 
are indeed valid on fi^. Carleman [H Satz IV] stated and proved this theorem as holding uniformly in the 
exterior of the curve Li with the estimate hn{z) = O {^/np'^). However, without any variation, his proof 



Carleman polynomials are also and often called Bergman polynomials. 
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equally yields Theorem 12.11 in the way it has been stated above (see the first paragraph of Subsection 13.11 
below preceding the proof of Theorem 12. 2p . 

So far as the author can learn, Carleman's formula is the only known result of substantial generality that 
neatly describes the asymptotic behavior of the polynomials Pn- Notice that, since both and (p' do not 
vanish on Op, Theorem 12.11 implies that the zeros of Pn must accumulate, in the limit, on C \ ^Ip. That is 
to say, any closed subset of 0,p contains zeros of at most finitely many polynomials P„. Our investigation 
focuses precisely in understanding how Carleman polynomials and their zeros behave in C \ ilp. 

We now discuss a well-known important relation between Carleman polynomials and the conformal maps 
of Gi onto the unit disk IDi. Let / be a function in the Bergman space B'^{Gi) of the domain Gi, that is, / 
is and analytic function defined on Gi satisfying 



- / |/(C)Pd^(C) < oo, 



and let r = r(/) > 1 be the largest number such that / has an analytic continuation to Gr- It is well-known 
[211 pp. 128-131] that 



/(C) = 5]a,(m(C), C^Gr, (6) 

k=0 

where 

1 



ak{f) = - fiOPkiOdAiC), k = 0,1,2,..., 

and the series in the right-hand side of ([6]) converges locally uniformly to / on Gr. 

Let us then apply this result to the so-called Bergman kernel function K((!^,z) of the space i3^(Gi) (see 
[H pp. 30-33]), which has the reproducing property 

fi^) = -[ fiOW^dAiC) y f G B\Gi), z G Gi, (7) 

and can be expressed in terms of a conformal map ip of Gi onto Di as 



l-V(2)f.(C) 

Because Li is a Jordan curve, any such map (p can be extended as a continuous and bijective function 
(p : Gi ^ Di. Moreover, being Li analytic, ip has a meromorphic continuation to Gi/p, which is indeed 
given by 

V{z) = ^=, zGGyp\Gu (9) 

where 

z* = tl; (i/W)) , z e Gyp n Qp, (10) 

is the Schwarz reflection about Li of any point z £ Gi/p nO,p (see |3| for details). 

It follows from these considerations and relation ([8]) that for every z £ Gi, K{-,z) is analytic on Gi, and 
since by ([7]), ak{K{-, z)) = Pk{z), we obtain from ([6]) that 



^W(C) CeG„zGG„ (11) 



i-^izMC) 



k=0 



with the series converging uniformly in ( £ Gi for each fixed z G Gi . 

As we shall see soon, it turns out that the behavior of P„ in Gi is closely related to a symmetric "mero- 
morphic kernel" L{(^, z) that well resembles the Bergman kernel, namely, the function of two variables 



(12) 
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That L(^,z) does not depend on the choice of the conformal map (p can be easily established from the 
fact that any two conformal maps (p and pi of Gi onto Di are related through a Mobius transformation, 
that is, 

p{z)=e — — , e =p{zo){l-\pi{zo)\ ) /piizo), 

1 - Vi{zo)Vi{z) 

where zq is that point of Gi mapped by p onto 0. 

If we specifically choose a map p that does not vanish on Gi D Op, then in view of ([9]) and (jlOp . p has a 

one-to-one analytic continuation to Gi/p, so that can be extended as a continuous function 

L(C,^):Gi/, xGi/,^C 

such that for every fixed z £ Gi/p, L{-, z) is analytic on Gi/p \ {z} with a Laurent expansion at z of the form 

■^(C> = 1^ ^ + ao + ai(C - ^) + a2(C - ^ • 

We combine Theorem 12.11 with relation (jlip to deduce the following theorem: 
Theorem 2.2. With the notations above, we have that 

Pniz) = 6 LiCzmOr+'dC + eniz), zeGi, (13) 



where the functions en{z), n = 0, 1, 2, . . are analytic on Gi/p and have the following property: if E C Gi/p 
is such that for some < r < l/p, 

Pn{z) = O (V^r") 

uniformly on E as n ^ oo, then 



uniformly on E as n ^ oo. 



A simple consequence of Theorem 12.21 is the following improvement in Carleman's formula regarding the 
error estimate: 

Corollary 2.3. Indeed, for the functions hn{z) defined by we have that hn{z) = 0{p^) uniformly in 
z ^ Li as n — > cxD. 

From Theorem 1 2 . 1 1 and the maximum modulus principle for analytic functions we see that if p < r < 1, 
then Pn{z) = 0{^/nr'^) uniformly in z G as n — > oo. Consequently, it follows from Theorem 12.21 after 
integrating by parts over Li and making the change of variables = 'ip{t) that 



To illustrate how effectively Theorem 12.21 can be exploited for deriving finer asymptotic results, let us 
consider the situation in which the boundary Lp of Op is a piecewise analytic curve without cusps or smooth 
corners (see, however. Remark 12.61 below). More precisely, we shall assume ^ satisfies Conditions A.l and 
A. 2 to be stated in what follows. 

We define an analytic arc as being the image of the interval [0, 1] by a function f{t) analytic in [0, 1] such 
that f'{t) / for ah t £ [0, 1] and /(ti) / f{t2) for all < ti < t2 < 1- The endpoints of the arc are /(O) 
and /(I), which may coincide. We call the arc simple if / is one-to-one on [0, 1]. Notice that, according to 
this definition, an analytic Jordan curve is also an analytic arc. Our first assumption is: 

A.l: The map ip has a continuous extension to Ep and there are s > 1 distinct points uji,uj2, ■ ■ ■ in Tp 
such that if Wi ^ W2 are two points of Tp for which tp{wi) = '4j{w2), then {wi,W2} C {cji, . . . ,u;<j}. 
Moreover, if I is any of the s open circular arcs that compose Tp\{u;i, u;2, • • • , Ws}, say with endpoints 
Wfc, Wj, then if) (£) is an analytic arc with endpoints 'ip{u!k), (see Figured] below). 
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Figure 1. Illustration of a map ip satisfying Conditions A.l and A. 2. 
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Thus, Lp = dQp is a piecewise analytic curve. Let z ^ Lp and w = /oe*® be such that z = ip{w). The 
exterior angle at z relative to w is defined to be that angle a £ [0, 2tt] such that 

(3 + a asO + . 
Let 

Zk := ijj{u;k), k £ {1,2,. . . ,s}, 
be "the corners of Lp" . Notice that they are not necessarily pairwise distinct. 

For each k £ {1, 2, . . . , s}, let G [0, 2] be such that A^vr is the exterior angle at z^ relative to uj^. Our 
second assumption on is: 
A. 2: Afc {0, 1, 2} for every A; G {1, 2, . . . , s} (i.e., Lp has no cusps or smooth corners). 
We assume that the cj^'s have been indexed in such a way that for some u G {1, 2, . . . , s}, 

Ai = A2 = • • • = Au < Au+i < • • • < Xs ■ 

Let 01, G2, . . . , Gs be the arguments of the numbers w^, that is, 

Uk = /9e*®\ < Bfc < 27r, 1 < A; < s . 

By a well-known result of Lehman (see [7\ and Subsection 13.21 below) . the map i{j{w) admits an asymptotic 
expansion about each uJk- In particular, for each k £ {1, 2, . . . , s}, the limit 

V(w') - Zk 
■= lim 7 TT- 

W^UJi: (W — UJk) 

is a complex number different from zero. Obviously, the value of this number Ak depends on the branch 
chosen for the function {w — tOk)^*" in a 5-neighborhood of the form {w G Ep : < — lj^I < 5}. Here we 
choose the one corresponding to the branch of the argument 

Ofc — vr < aig{w — UJk) < ©fc + 7r, w £'C \ {tuJk '■t<l}. 

The symbol (^) stands for the generalized binomial coefficient, i.e., 

r(a + i) 



Jj) ' r(6+ l)r(a-6 + l)' 

where F denotes the Euler gamma function. 

The behavior of Pn inside Gp is given first. It strongly reflects the dependance of Pn on both and 
L(C,z). 

Theorem 2.4. For every z G Gp, we have 

Pn{z) 



(15) 



k=l 
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where 

Rn{z) = < O(nMogn), if Ai = 1/2, +^ n \f - J 

^ O (n-i) , if 1< Ai < 2, It n - 

uniformly as n —> cxd on compact subsets of Gp. 

To state the behavior of Pn(-2) for points z near Lp we need the following piece of notation. For 5 G (0, p) 
and 1 < /c < s, we define the following open "pie-slices": 

S5,fc := [w: p - 5 <\w\ < p^/{p -5), 9/, - 5 < arg(^i;) < 9^ + 5} . 

Theorem 2.5. ('aj For every 5 G (0,p), t/iere exists a E {p — 6, p) such that ip has a one-to-one analytic 
continuation to Eg- \ Ul^^^S^^fc, and if 

Vs,^ := {z = ^{w) -.wGE^X 
and (j) denotes the inverse of ip, then 



-^^ = <t>'{zmz)r- 

y/n+l \--\ 



where Rn{z) satisfies [76]) locally uniformly on Vs^a H Gi as n ^ oo. 
(h) For every corner Zj, 

PnjZj) _ ( A\-lJ{n+l-\*)ek 



I ; — Tl n \ n+l—X* / .1 



(Afe)-^e'^"+^-^^^'= +o(l), (18) 



I 



where A* = max{Afc : z^ = Zj, 1 < A; < s}. 

The rate of decay of the o(l)-error term in (jl8p can be estimated by comparing the terms in the right-hand 
side of ([7T]). 

Remark 2.6. Totally similar results can be obtained for considerably more general piecewise analytic curves 
Lp, including those having inner cusps (as viewed from J7p) and smooth corners, more specifically, under the 
following assumptions: 

A.l': The map tp has a continuous extension to Ep and there are s > 1 distinct points wi, u;2; • ■ ■ , in Tp 
such that if £ is any of the s open circular arcs that compose Tp \ {u;! , u;2 , . . . ,0;^}, say with endpoints 
ujk, iOj, then ip is one-to-one on £ and ip (£) is an analytic arc with endpoints 'ip{ujk), ip{ujj). 

A. 2': Afc > for every fc G {1, 2, . . . , s}, and if Afc G {1, 2} for all k G {1,2,..., s}, then there is at least 
one k for which logarithmic terms occur in the Lehman expansion of ■0 about uj^- 

The statements of the corresponding results and their proofs are, however, more cumbersome, and so we 
have sacrificed generality in the present paper for the benefit of clarity. The interested reader will find useful 
to consult [12], where similar asymptotic formulas have been derived for the Faber polynomials of a domain 
0,p satisfying A.l' and A. 2' by exploiting an integral representation for these polynomials that is somewhat 
similar to (1131). 



2.2. The zeros of P„(z). Throughout this subsection, we assume that the map tp satisfies Conditions A.l 
and A. 2 stated in Subsection 12.11 Here we shall discuss some of the conclusions that can be drawn from 
our previous results regarding the location, limiting distribution and accumulation points of the zeros of 
Carleman polynomials. 

Asymptotic formulas similar to (llSp and ()17p are known to be satisfied by other important systems of 
polynomials, e.g., polynomials orthogonal on the unit circle with respect to certain types of weights |20j . [9], 
[To], and Faber polynomials for domains with piecewise analytic boundary [T2]. The results that follow are 
well-known consequences of such type of behavior. 

We start by introducing the notation and concepts needed in analyzing the zeros of P„. The letter Z 
denotes the set of accumulation points of the zeros of Carleman polynomials, i.e., Z consists of all points 
t £ C such that every neighborhood of t contains zeros of infinitely many polynomials Pn- 
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We shall denote by Vn the normalized counting measure of the zeros of P„, that is, 

1 " 

^-■■=-T.Kr.^ n=l,2,..., (19) 

k=l 

where zi^^, Z2,ni ■ ■ ■ , Zn^n are the zeros of Pn (counting multiplicities) and 5z denotes the unit point measure 
at z. 

A sequence of measures {vn]n>i ^^^^ *o converge in the weak*-topology to the measure v (symbolically, 

Vn — ^ f as n — > oo) if for every continuous function / defined on C, lim„^oo / fdvn = J fdv. 

The equilibrium measure fiip of Lp is the probability measure supported on Lp whose value at any given 
Borel set B C Lp is 

l^L,{B) = ^f \dtl := {t G T, : V(t) G i?}. (20) 

Finally, for e > and t G C, D^{t) denotes the open disk with center at t and radius e. 

From Theorem 12. 5f a) and the maximum modulus principle for analytic functions we see that 

Pn{z) _ ,fO (n-^i~i(p/r)") , zeTlr, p<r<l, 



V^r+T[4>{z)]^ O(n-^i-i), zenp\Ul^^D,{zk), e>0. 

Hence, we trivially have 

Corollary 2.7. For every e > 0, there is N^^ > such that if n > N^, then Pn{z) has no zeros on 
^p \ ^%=iDt{zk)- In particular, Z r\Q.p = 

To describe the zero behavior of Pn inside Gp, it is convenient to rewrite (jlSp as follows. Put 

ifc := ^fce*(^i+^)(®'=-®i) , l<k<u, 

and let 61,62, ■■■ ,0u be such that 

g2^iefc ^ gi{efc-ei)^ 6k e [0,1], l<k<u, 

so that (|15p takes the form 

P:{z) = Hn{z) + o{l) (22) 

locally uniformly on Gp as n ^ 00, where 

Vn + l(_;^"_J(wi)"+i+^i ^ [ip{z) - ip{zk)Y 

The zeros of Pn coincide, of course, with those of P*, and in view of Hurwitz theorem, Z contains the 
zeros lying in Gp of those not identically zero functions that are the uniform limit of some subsequence of 
{Hn}n>o- We then pass to establish the general form of any uniform limit point of {Hn}n>o- 

Among the numbers 1 = 61,62, ■ ■ ■ ,6u, there is a basis over the rationals containing 61 [21 Ch. III. p. 
4], say 61,62, ■■■ ,6u* , 1 < u* < u, so that for every k S {1,2, ... ,u}, there are unique rational numbers 
rki,rk2, ■ ■ -^rku* with 

u* 

6k = '^rkj6j, 1 < k <u. 
i=i 

Note that u* = 1 if and only if all the 0fc's are rational, and if u* > 2, then 62, ■ ■ ■ , 6u* are irrational numbers 
linearly independent over the rationals. 

For every k £ {1,2, ... , u}, let 1 < Pfc < (/fc be the unique relatively prime integers such that 

SO that 

^2.ie, ^ ^2.i {^+J:U ^•'=.^0 , 1 < A: < n, (24) 

where in case u* = 1, the sum Yl^=2 ' ' ' above is understood to be zero (observe that pi = qi = 1, but 
Pk < qk for k > 1). 
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Let q be the least common multiple of the denominators qi,q2, ■ ■ ■ ,qu, and for every £ £ {1,2, ... , q}, let 

(Pk = Ski mod qk, < Ske < qk ■ 

Observe that two u-tuples {su, S21, ■ ■ ■ , Sui) corresponding to different values of I are distinct. 

Theorem 2.8. The functions f that are the uniform limit of some subsequence of {Hn}n>o <ire the functions 
of the form 

f[z) = (p[z)} T—- -. — ^ (25) 

with I G {1,2, ...,q} and a^, ■ ■ ■ ,au* arbitrary real numbers. In particular, there is always such a limit 
function f that is not identically zero. 

Corollary 2.9. There exists a subsequence {nj}'jL^ C N such that Vn. fi^^ as j 00. Hence, Lp C Z. 

However, because the z^s are not necessarily pairwise distinct, some of the limit functions (j25p can be 
identically zero, which makes Theorem 12.41 insufficient to describe ZnGp. A necessary condition for this to 
happen is that for every 1 < j < u, 

2 max \Ak\ < l^fcl- 

It is not sufficient though, and whether for a concrete instance of a curve Lp satisfying A.l and A. 2 there 
will be a limit function of the form ()25p that is identically zero ultimately depends on the specific values of 
the 9k s and can be determined, in principle, from the general form given in p5p . 
Let us then make the assumption that 
A. 3: No limit function of the form (j25p is identically zero. 

Such an assumption is satisfied in a large number of cases. For instance, if there is k such that Zj 7^ Zk 
whenever j ^ k, as is the case in which Lp is, in addition, a Jordan curve. 

Corollary 2.10. Assume A. 3 holds. 

(a) The point t £ Gp also belongs to Z if and only if there exist an integer i £ {1,2, . . . ,q} and real 
numbers 02, ... , such that 



^ [<f{t)-^{Zk)]^ 

(b) For every compact set E C Gp there is a number Ne such that when n > Ne, Pn has at most 
2{J — 1) zeros in E (counting multiplicities) , where J is the number of corners z^- As a consequence, 
^Lp as 00. 

Remark 2.11. Assume A. 3 holds, so that by Corollarv 12. lOl f a) we have the following. If zi = 22 = • • • = Zu, 
then Z r\Gp = Otherwise: 

(a) if ti* = 1 (i.e., all the Oj^s are rational), then the number of points m Z f] Gp is finite, namely at 
most 2(u — l)q; 

(b) if u* = 2, then by fixing i and letting 02 vary, equation (j26p can be written as 

goA^) + 9iA^)w + ■ ■ ■ + 9u-iA^)w^^"'^^ = 0^ kl = i' i<^<q, (27) 

where w = ip{t) and the gkA'^V^ certain polynomials, so that if /i, . . . , are those algebraic 
functions that are a solution to at least one of the algebraic equations (p7|) (see e.g., |5l Chap. 5]), 
then ZnGp consists of the traces left in Gp by the curves ip~^ o fi(Ti), . . . , ip~^ o f^(Ti), plus possibly 
the preimages by f of some of the solution points corresponding to the algebraic singularities of the 

/fc's; 

(c) if u* > 2, then ZnGp is, in general, a two dimensional domain. 

Remark 2.12. Under Assumption A. 3, finer results similar to Thm. 4 of [9] (see also \n\ Thms. 11.1, 
11.2]) on the separation, distribution and speed of convergence to Lp of those zeros of P„ that lie near Lp 
but separated from the corners can be derived from Theorem 12. St a). 
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2.3. The case of some special lemniscates. In this section we consider an example where Theorem 12.41 
fails to describe the behavior of certain subsequences of {Pn}n>o- In particular, it shows that Corollary 
I2.10l fb) does not necessarily hold in the absence of Condition A. 3. 
Let s > 2 be a given integer. If we agree in that 

2TT{k — 1) < aTg{w^ + 1) < 27r/c whenever 27r{k — l)/s < aicg{w) < 2TTk/s, 

then the function w i— > (w'^ + 1)^/* maps Ei conformally onto the exterior of the lemniscate of s petals 
{z : jz** — 1| = 1} (see Figure [2] below for s = 3). 

Let R > 1 he a number that has been fixed, and let 

Li := {z : \z' - 1| = R'} = {z = {w' + 1)^/'^ : \w\ = i?} . (28) 

Then, for this Li we have 

i>{w) = {R'w' + (i){z) = R-\z' - 

p = R'\ np = {z:\z' -1\>1}, Lp = {z : \z' -l\ = l}, Gp = {z : \z' - 1\ < 1}, 
and it is easily seen that ip satisfies Conditions A.l and A. 2 of Subsection 12.11 with 

Wfc = i^-^e^^^'^-^)''/", Zfc = 0, < Afc = 1/s < 1/2, k = l,2,...,s. 

The important feature to note of this example is that the function Hn defined in (j23p is identically zero 
for every n ^ s — 2 mod s. 

Theorem 2.13. Let {Pn}'^=o be the sequence of polynomials orthonormal over the interior of the lemniscate 
Li = {z: |z^ - 1| = i?^}. Then, 

(a) for all n = sm + s — 1 with m > an integer, 

Pn{z) = R~^''+^h'-\z' - 1)™; 

(b) for all n = sm + / with m > and < I < s — 2 integers, 

{-irR^+^T (n + (3s - / - 1)/S) Pn{z) _ s{2s-l-l)/s Qs-l-2j^ N^o^N 

n\ ~ {s-l- 1)! r((l + / - s)/s) z) +Un[z), ze Up, 

where Rn{z) = 0{n'^) locally uniformly on Gp as n ^ oo, n 7^ s — 1 mod s. More precisely, 



nRn{z) 



T{{l + l-2s)/s) 



2 (s - / - 2)! 9e-'-2 ^ ' ^ (2s - / - 2)! ^C^^-'-s 



O 



The partial derivatives of the function L{(, z) occurring in Theorem 12.131 can be explicitly computed. 
Indeed, it is easy to see that 

_ Rz 

maps G\ conformally onto Di. We have (^(0) = 0, (/^'(O) = RiJ^^ — 1)^^/* > 0, and hence 

_ (^^' - ^?\R^' - 1 + z'\^^-'^l'\R^' - 1 + c^]{i-^)A 

- 1 + z''] V^C - ^[i?^'' - 1 + C'']^/'*)^ 
Moreover, it easily follows by mathematical induction that for all < j < s — 1, 
d^L{C,z) _ {-lyU + l)!(i?2^ - lf[R^' - 1 + ^s]{i-^+i)A[i?2s _ ^ ^ 

where fj{-, z) is analytic at 0, and therefore, for all < ^ < s — 2, 



Qs-l-2-i^ 



(0,z) = (s-/ + l)!z'- 



i?2^ - 1 



Jl2s 



{l+l)/s 



(29) 



Q(^s-l-2 

Thus, we obtain from Theorem 12.13( b) and ([29]) the following 

Corollary 2.14. For any compact set F C Gp, there is a number Np such that if n > Np and n ^ s — 1 
mod s, then P^ has no zeros on F . As a consequence, Vn fJ-Lp as n ^ 00, n ^ s — 1 mod s. 
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Figure 2. Zeros of Pmiz) for Li = {z : \z^ - 1| = (1.4)3}. 



However, by Theorem 12.13( a). the zeros of Psm+s~iiz) are fixed, namely, a zero of multiphcity s — 1 at 
the origin and the points := g^'^*'^/*, 1 < A; < s, each of multiphcity m and contained in Gp. Therefore, 

1 " 

t^sm+s-i - ^ ^Qfe as m ^ oo. 
^ k=l 

Thus, Corollary 12.10( b) does not necessarily hold in the absence of Condition A. 3. 

The assertion in Corollary 12 . 141 concerning the convergence of the measures f„ can be proven by employing 
the exact same argument used in the proof of Corollary 12.10( b) . 



3. Proofs 

3.1. Proofs of Theorem 12.21 and Corollary 12.31 We first make a short remark about the estimates in 
([5]). Carleman stated his formula ^ [TJ Satz IV] as holding uniformly on the exterior of the curve Li with 
the estimate hn{z) = O {^/np"^). However, as shown by Gaier in [H Thm. 2, §2], without any variation, 
Carleman's proof equally yields that (jH) also holds uniformly on any L^, p < r < 1, with the estimate 
hniz) = O (n~^/'^(/9/r)") . Here we note that, indeed, from Carleman's proof it actually follows that on any 
Lr with 1 < r < oo, (jj]) holds with the estimate hn{z) = O (/o"). To see this, follow Gaier's presentation [H 
p. 13] of Carleman's proof, and notice that, in Gaier's notation. 



n(n + l)/2, p=l. 



3=1 y p2n(l _ p2\2 



(beware that the meanings of p and r in the present paper are exchanged in Gaier's presentation) so that 
the quantity Cn defined in page 15 of [1] indeed satisfies 

f 0(r"), p> 1, 

Cn={ O i^r^) , p = 1, 

[ O (n-i/2(r/p)") , r < p < 1, 

from which one gets ^ by following the same line of argument that concludes the proof in [4J . 

Proof of Theorem 12. 2i Equality (jlip holds uniformly in G Gi for each fixed z G Gi . We then replace 

PkiC) in (|lip by its corresponding asymptotic representation given by the right-hand side of ([4]), multiply 
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the resulting equality by [(j){Cy\~^'^~^'^'> 127X1 and integrate it over Li to obtain 



11 



i-^{zMC) 

On the one hand, we have 



k=0 



(30) 



so that 



On the other hand, 



1 



9^'(C)['/'(C)]-("+^)dC 



i-^{zMC) 



l2 ■ 



27ri 



2TTi 



ifc— n— 1 



0, if n / k, 



(31) 



dt 



Ti 



1, if n = k, 



k,n >0, 



and since hk{ij){w)) is analytic in Ep, 

/ 0'(C)[0(C)]'"""'/iyt(C) dC = ^.i t'^'^-^hkim) dt = 0, 0<k<n-l. 
Therefore, we get from (j30p . (jSip and the two previous relations that 



Vn + 1 27ri Ji, [^(0-93(2)]^ 



where 



with 



en{z) = -'^^JTTJJinTT)aj^nPn+j{z), Z G Gl, 
j=0 



(32) 
(33) 



On 



,„:= — i </.'(C)[</>(C)P'-i/i„+,-(C)^iC. 



2vri 

Now, from ([5]) we obtain that for every 1 < r] < 00, there is a constant that only depends on rj, such 
that for all integers j, n > 0, 



1 



27ri 



7r^<p ^'{c)[mr'K+jic)dc 



(34) 



By Carleman's formula, for every r G (p, l/p), there is some constant ii'r such that |P„(z)| < K^^n + Ir" 
for all z G Gr, so that for 1 < r/ < (pr)^-*^ 



^ \Am(r/5)"M^K, 



(1 - rirpY 

This shows that the series in the right-hand side of (j33p that defines e„(z) for z £ Gi, indeed converges 
locally uniformly on Gi/p to an analytic function (the analytic continuation of e„(z)). In the same way one 
sees that if for some r G [0, 1/p) and constant Kr, \Pn{z)\ < Kt^u + Ir" for all z G -E C G^/p, then for any 
fixed 1 < < (pr)^^, 

V7rTTiTp)''M^Kr 



K{z}\ < 

The proof of Theorem 12.21 is complete. 



(1 - rjrpY 



Vz G E. 
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Proof of Corollary 12.31 Equality (jl4p holds for any given conformal map (/? of Gi onto Bi. Let us pick 
specifically a map if such that ip{z) ^ for all z £ Gi (1 Op. Such a map has an analytic and univalent 
continuation to all of Gi/p (given by ([9]) and ([TO]) ), so that for arbitrary r] G (1, 1//?), 

^ vnTVM r £(owom ^ ^^ ^^ 

The right-hand side of (jSSp is indeed a well-defined analytic function (in the variable z) on G^, so that by 
analytic continuation, (I35p actually holds for all z G G,;. Now, for every z G Li, the function (in the variable 
Q ^p'{z)/ [(/7(C) — is analytic at all points of Gi/p Ci fip, with the exception of the point z, where it has 
a simple pole of residue 1. From the residue theorem, it follows that for every r S (p, 1), 



Now, fix r' G (/9, 1), so that Lr is contained in the interior of L^' whenever p < r < r', and therefore 



1 / ^'icmcTdc 



27ri /l^ ((9(C) - ^{z) 



1 f f^dt 



2vri /t, '/'(^(O) - '/'(^) 



< 



j.n+1 



dist (Ti, ip{Lr)) 



- dist(Ti,,,(V))' ^<^<^' ^^^1- 



Since by Theorem 12.21 we have 

Pn{z) = 0{^^ en{z) = O (V^p") , Z G Li, 
it follows from (j36p and (j37p by letting r ^ p that 



Pn(^) = ^/^^(^'(z)[0(z)]'^ + O = V^^(t>'{z)[(t>{z)f [l + O {p^)] , z G Li. 

The proof of Corollary 12.31 is complete. 

3.2. Asymptotic expansions. Through the remaining of this paper, we assume that the map satisfies 
Conditions A.l and A. 2 stated in Subsection 12. 1[ 

Let Tfc be a small open circular arc of Tp centered at uok such that H {cji, . . . , Ws} = {wfc}- The set 
Tk \ {ij-!k} consists of two circular arcs, say T^, T^, and by our Assumption A.l on Lp, there exist simple 

analytic arcs Ct V' ( Tj^ I and C7 D Tp ( Tr I of which z^ is an interior point. Hence, the map tp, originally 



-k ^ J ^^^^ ^fc ^ \^k ^ 

defined on Ep, can be continued by the Schwarz reflection principle for analytic arcs [3] across both Tj^ and 
Tj^ . Since the images of £^ and £^ in such reflections are again simple analytic arcs containing z^ as an 
interior point, by applying subsequent reflections we can continue ip near uj^ onto the entire logarithmic 
Riemann surface S^jf. with branch point at uj^- 

Let the functions {w — uokf^^'^'", I > 0, j > 1, and log{w — uik) be defined in 5^^.. In what follows we 
abbreviate by putting y = w — ujk- Lehman |7l Thm. 1] proved that when Afc > 0, has the following 
asymptotic expansion about LVk'- if \k is irrational, then 

oo oo 

^{w)=^{u:k) + Y.Y. ^oy'^^'"" , 4o / ; (38) 

1=0 j=l 

if Afc = p/g is a fraction reduced to lowest terms, then 

oo q [I/pI 

^P{w)=i^{u;k) + Y^^^c^,my'^^^'(}ogyr, 4,, ^ 0. (39) 

1=0 j=l m=Q 

The terms in the above series are assumed to be arranged in an order such that a term of the form 
y^+jAfc|-jQgy-jm precedes one of the form ^>'(\ogy)^ if either / -|- jXk < I' + j'Xk or / -|- jXk = I' + j'Xk 
and m > m'. We write in ()38p c^q instead of simply c^- when Xk is irrational, because this will allow us to 
express many of the relations that follow in one single statement without having to distinguish between Xk 
being irrational or rational. 
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The precise meaning of these expansions is the following: if according to the order explained above, ([38 
and (I39D are written in the form 



Ipiw) = V'(Wfc) + ^ Xn{y), 

n=l 

then for all iV > 1, 

N 

V'M - i^i^k) - ^"(y) = ° ixN{y)) 



n=l 



as i/; — > Wfc (y — > 0) from any finite sector 'di < avg{w — cok) < '&2 of 



The coefficients c^-^ in ([55]) and ([5^ depend on the values assigned to the functions {w — LOkY^^^'', 
log{w — LOk) at a specified point of 5^^.. We shall assume that the values of ip in Ep define ip in the sector 
0fc — TT < arg(ii; — Uk) < 0^ + vr of Suj,., and that for every w in this sector, 

(y)i+iA, ^ |y|«+jAfegia+iAfe)arg{j/)^ ^ ^ + iarg(y), y = u- - Wfc. 

Let 

w^Uk [w — UJk)^ 

so that the following relations follow from (j38p and (j39p . i/'l/2<A,fc<l, then 

i^{w) = ij{oJk) + Akv^" + 40?/'^" + 4oy'+^'= + O (y3^'') ; (40) 

if = 1/2, then 

i;{w) = i^iojk) + Akv^" + 4oy'^' + logy + O (y'^'=) ; (41) 

i/ < Ajt < 1/2 and is sufficiently small (say, < < min{Afc, 1 — 2Afc}), then 

^{w) = ij{u:k) + AkV^^ + 4oy'^' + 4oy'^'= + o (y3^''+-^) ; (42) 

i/ 1 < Afc < 2, then 

^(z/;) = V(^fc) + ^fcy^^ + 4oy'+^'^- + 4oy'^' + O {y^+^'' ) (43) 



(notice that if 1 < A^ = p/(7 < 2, then p > 3, g > 2, and no log-terms correspond to / = 0, 1, 2). 

We analyze now the behavior of {z)j \ip{^^{yj)) — '^{z)\ as w ^ Uk, where (/9 is a conformal map of Gi 
onto Bi. For given 6 > and t E C, we put 

Ds{t) := {w:\w-t\< 6}. 

We have already noticed in the introduction that the kernel 

^ [^(C)-<^(Z)]2' ^'^^^1' 

is independent of the map ip. For fixed z £ Gi, L{-, z) is analytic on Gi \ {z}. Hence, if e > is such that 
D^[zk) C Gi, then from Taylor's inequality we find that for all C, £ D^{zk), z £ Gi \ D^{zk), and integer 
> 1, 

N-l 

rlJ I . U — U I ^ 

(44) 



(^(C)-(^(z) v'(zfc)-(p(z) ^^^c^^'^'^ (j + 1 



with 



|i?jv(C,2;fc,2;)| < ~(]v:pY)P™^^ 



{x,z) 



: k - Zfcl < r, z G Gi \ i:>e(zfc) \ , IC - ^fe| < ?^ < e • 
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Combining this for = 2 with (gOD, dH]), (gSD and dMj) gives the folbwing: i/0 < < 1, then 



L{zk,z)Aky 



L{zk,z)cQ2o + -^{zk,z) 



O , 1/2 < Afc < 1, 

O , < Afc < 1/2, 

L(zfc,z)cfiiy^^'^log2/ + 0(y=^^'=), Afc = 1/2, 



while /or 1 < A^ < 2, 



(45) 



(46) 



f{ij{w)) - (p{z) (f{zk) - v{z) 

These relations hold uniformly in z on compact subsets of Gi \ {zk} as w ^ ujk (y 0) from any finite 
sector -di < arg{w — ij-ifc) < of S^^. . That is, if 5 > is so small that 

{ipiw) : i)i < argiw - uJk) < ^2, \w - iVkl < 6} C De{zk), 

then and hold uniformly for z G Gi\ D^{zk) and w satisfying t?i < arg(ii; — oJk) < i?2) jtw — w/d < 5. 
Now, given A: G {1, 2, ... , s}, the Laurent expansion of L(-, z^) about has the form 

1 



L{C,Zk) 



with 



so that 



{C-Zk)' 



+ akfi + ak,i{C - Zk) + ak,2{C - Zk) + 



2^'{zkW"{zk)-^v"{zk)Y 



^'(zk) 



12 [ip'{zk)Y 

^"{Zk) 



E 



ak,M{w) - Zky^^ 



ipii^iw)) - ip{zk) il){w) - Zk 2(p'{zk) i + 1 

and we obtain from ([37]), (gOD, (gH), ([321) and (03]) that i/ 1/2 < Afc < 1, 

y'(^fc) ^ _J: ^"(zk) _ Co2o _ ^wV^ ,.j(X,. 

^{i;{w)) - ^{zk) Aky^" 2^'{zk) {AkY {AkY ^ ^' 

if < Xk < 1/2 and Vk is sufficiently small (say, < Vk < min{Afc, 1 — 2A;j}), then 



^'{Zk) 



f"iZk) 



-020 



ip{ij{w)) - ip{zk) Aky^^ 2ip'{zk) {Akf 
if Xk = 1/2, 



+ 



V'{Zk) 



1 



'f"{Zk) 



-020 



(co2o) - -^fccggp - akfijAkT 
{Ak? 

(co2o)^ ~ 0.kfi{Ak)^ 



y^" + 0{y 



+ 



ifii^iw)) - ip(zk) Aky^^ 2ip'{zk) {Ak)^ 
and finally, if 1 < Xk < 2, then 

^'(zk) _ 1 f"izk) 4oy'"^'= 



y^^ +0(y^^logy] , 



Afe 



+ 0(1). 



(47) 



(48) 



(49) 



(50) 



(51) 



^{ip{w)) - ip{zk) Aky^" 2^'{zk) (Ak)^ 

Relations (08]) . (09]) . ([50]) and ([5T]) hold uniformly as u) ^ a;/; from any finite sector t?i < arg(ty — uJk) < '&2 
of 5^^^^ . 

3.3. Auxiliary lemmas. Recall we are using the notation 

:= {w : \w\ = r}, Or := {w : \w\ < r}, := {w : r < \w\ < oo}. 
For 5 G (0, p) and 1 < A; < s, we have also already defined 

^5,k := {w : p - 5 < \w\ < p^/{p -5), Gfc - (5 < arg{w) <Qk + 6} . 
Note that Y^s^k is the reflection of itself about the circle Tp. Let 

Ts\ ■■= {weTp-. Bfc < arg(u;) < 6^ + 5} , T^~^ :={weTp: @k - S < aig{w) < Qk} , 
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and 

^tk •= ^s,k \ T^Jfc, ^s,k •= ^s,k \ Tg^k- 
For all 5 > sufficiently small, the mapping ip has analytic continuations V+i V'- from Ep to ^fj^, ^J^, 
respectively. To see this, fix a number 6' > such that Tj7^ n {uJi, . . . ,uJs} = {ujk}- By Assumption A.l, 
there is a simple analytic arc , of which is an interior point, such that D (^'^s' kj ■ ^* denote 

the Schwarz reflection of z about £^ (see [3j), which is well-defined in some neighborhood of . Then, 
for every 5 G (0, 6') so small that ip (Ep n S^^fc) C U^, the analytic continuation ?/)_|_ of from Ep to is 
given by 

For a, b £ C, we denote by [a, b] the oriented closed segment that starts at a and ends at b. A similar 
meaning is attached to (a, 6), (a, 6] and [a,b). 
For every < cj < p, we define 

cjfc := (JUJk/p = cre^'^'' , 1 < k < s, 

and the contour 

:=T„U(U|=i[cTfc,Wfc]) . 

Each segment [dfcjWfc] of Fq- is thought of as having two sides, and the exterior of the contour F^-, denoted 
by ext(Fo-), is understood to be the unbounded component of C \ Fg-, that is, 

ext(F,) =E,\ (U^=i[afc,a;fc]) . 

Lemma 3.1. Let 5 £ (0, p) be such that Tis^i,Tig^2i ■ ■ ■ :^s,s ore pairwise disjoint and ip has analytic contin- 
uations 'il)± to for each 1 < k < s. Then there exists a £ (p — 5,p) such that 

(a) has an analytic continuation from Ep to ext(Fo-) with continuous boundary values on Fg- when 
viewing each [ak,ujk] as having two sides; 

(b) ip is one-to-one on A^ ^ := Eg- \ U^^j^E^^fc and 



^ {As,„) n ^ (ext(F^) \ Ai^„) = 0. 

Proof. We first need to introduce the following notation. The set Tp \ {a;i,a;2, . . . consists of s open 
circular arcs . . . , . Let /c G {1, 2, . . . , s}, and choose numbers ai < ai (which depend on A;) such that 

& = {pe*" : ai < a < 02} . 
Then, for any f > and a G (0, p), we define 

&y := {pe*" : ai -\- V < a < 02 - v} , 
Ov,cr ■= {w : a < \w\ < p'^/cr, ai -\- v < arg(?i') < 02 — . 

Observe that £g = and that O^^. is an open set whose reflection about Tp coincides with itself. 

Let 5i > be so small that each of the arcs ig^,£'g^, . . . , has positive length. We first prove the following 
Claim: for all a G (p — 61, p) sufficiently close to p, ip has an analytic continuation from Ep to Ep U 



^k=l'-^5i,a 



which is one-to-one on U^^-^0|^ ^. 



In effect, for each 1 < k < s, the Schwarz reflection z z* about the simple analytic arc "p {(^-J is a 
well-deflned (one-to-one and antianalytic) function on some small neighborhood of tp (^J^), so that for 

all a so close to p that ip ^Ep n Og^ C U^, the analytic continuation of ip to ^ is given by 

i;{w) = [iP{pyw)Y , weOl^^DBp. 

By Assumption A.l, is one-to-one on E,p\{uJi,u}2, ■ ■ ■ ,ujs}, and being the closed arcs . . . , pairwise 

disjoint, it clearly follows that if p — a is sufficiently small, then ip is univalent on U|^-|^0| ^. Thus, the 
claim is proven. 

Now, fix G (0,p) such that Tjs,i^^5,2^ ■ ■ ■ I'^s^s ^-I'e pairwise disjoint and ip has analytic continuations 
■0+, Ip- to S^^, S^^, respectively, for each 1 < k < s. By applying the claim above for an arbitrarily 
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small value of 5' G (0,(5), it clearly follows that for p — a sufficiently small, ip has an analytic continuation 
from Ep to ext(ro-) with continuous boundary values on To- when viewing each [(7^,0;^] as having two sides. 
Furthermore, every point wq £ Tp\ {loi,uj2, ■ ■ ■ ,i^s} has a neighborhood on which ip is one-to-one. This 
proves Lemma |3. If a). 

Suppose now that the statement of Lemma lSTlT b) is not true, that is, suppose there is a sequence {ct„}„>i, 
with an y p, such that either is not one-to-one on 



or 



V^(^5,aJnV'(ext(r,j\A5,,j/0. 

Then we can find two sequences of points {wnfi}n>i, {'Wn,i}n>i, such that for each n > 1, 

Wn,0 / Wn,l, Wnfl S A5,(7„, Wn,l G IEct„ 

and either one of the following three equalities holds true: 

i'i'Wnfl) = 1PiWn,l), tPiWnfi) = V'+lw^n.l), i^iWrifi) = Ip-iWn,!). (52) 

By extracting subsequences if necessary, we can assume that 

and, by ([^^ . tpiwo) = ip{wi). But, in view of Assumption A.l, this is only possible if wi = wq G Kp\ 
{uJi,uJ2, ■ ■ ■ , Ws}, contradicting the fact that ip is univalent in some neighborhood of wq. 

□ 

Lemma 3.2. Let 6 > be such that ip has analytic continuations ^± to S^^. Then, for every e > and 
a & {p — 6, p) such that 

'ip± ([cjfc,u;fc]) C D^{zk) C Gi, 



we have 



2vriy^,^ \<piip+{t)) - f{z) Lfiip^it)) - (f{z) 
n 



where 



r, 



O {n-^") , i/ < Afc < 1, Afc / 1/2, 

O n-Mogn), i/Afc = l/2, 
O (n-i) , i/ 1< Afc < 2, 



uniformly on Gi \ D^{zk) as n ^ oo. 



Proof. For the analytic functions {w — ujk)^, log{w — uJk), defined on T^s^k H Ep and corresponding to the 
branch of the argument 

0fc — vr < a,rg{w — cok) < ©fc -|- vr, w £ C \ {tuj^; : t < 1}, 

let us denote by (w—ujf^)^ and log_|_(?i;— w^) their analytic continuations from ^nEp onto S^^, respectively. 
For an integer n > and real f3 > —1, we have (see, e.g., [121 Sec. 2]) 

r(/3 + l)n! log n [1 O (1/ log n)] 



/ x"(l-2;)^log(l-x)dx 
Jo 

/ x"(l - xfdx = - 

Jo r 



r(n + /3 + 2) 



(n — > oo), 



r(/3 + l)n! _ r(/3 + l)(l + o(l)) 



(n /? + 2) n. 
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SO that 



/ e{t-uJk)i\og±{t-ujk)dt 

/ - xf [log(l -x)+\ogp + i{Qk T ^)] dx + 

JO 



^iflTT, n+l+f3 



r(/? + l)n!(logn) 



+ 



n 



T{n + P + 2) 

From this last equahty and the well-known identity 

r(l - z)T{z) = -T{-z)T{z + 1) = 7r/sin(7rz), 



we then obtain 



o"fc 



{t - UJk)l log , (t - UJk) - {t- UJk)- log_(t - UJk) 



dt 



n+l+/3 



27rin!(log n){uJk) 

r(-/3)r(n + /? + 2) 



o 



p" 



-27ri( ^ )(logn)(wfc) 



+ 



/3+1 



n 



Similarly, 



it - ujut -{t- u^kt] dt = 27ri ( ^ j + O (a^) , 



and 



O{{t-L0k)ie)dt = O 



n 



Therefore, we get from i^, l^-i^ that if < < 1, / 1/2, then 



27ri 



+ 



0(p-/n2+^^), l/2<Afe<l, 
(p"/n3Afe+i^ ^ 0<Afc<l/2, 



n 

-2Afe - 1 



n 



L(zfc,z)^fc(a;fcr+^'=+i + 



Nn+2Aii,+l 



r(-2Afc)n 



+o 



n 



Afc 



while if Afc = 1/2, then 



Lp'{zy' 



ip'{zy' 



dt 



n 



J, ... .„+A,+i L(z,,z)c^iir(-Afc)(a;fcr+3^'=+i(logn) / pMogn 

-A,-iy v^ ''^ r(-3A,)n2A. + %^^ 



Similarly, if 1 < A^ < 2, then we obtain from (|46p and (j54p -(|55p that 



1 

27ri 



^(/?(V+(t))-V'(^) ^{'^-(t))-^{z) 
n 

-Afc-1 



+ 



r(-Afc - l)n 



+ 



n 
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□ 

Lemma 13.21 is nothing but an abbreviation of relations (j56p , (|57p and (j58p . 
3.4. Proof of Theorems [231 and [2751 

Proof of Theorems 12. 4i Let 6 G (0, p) be such that S^^i, 2) • • • > ^s,s ci-re pairwise disjoint and ip has analytic 
continuations to for each /c G {1, 2, . . . , s}. Let F C Gp be a compact set, so that by we have 
that for any (fixed) r £ {p, 1), 

Now, it is clear that we can find e > and a G {p — S, p) such that for every A;G{1,2,...,s}, 

{['7k,i0k]) C D,{zk) cGi\F. (60) 

In addition, we can assume that a was chosen so close to p that it satisfies the thesis of Lemma I3.1f a) and 
that 



V'(ext(r<,) nBi) C Gi \F. (61) 

This last inclusion implies that for each z G -F, the function [ip{ip{w)) — (p[z)]^^ is analytic on Dinext(ro-), 
with continuous boundary values on Ti U Tu when viewing each [cjfc,u;fc] as having two sides. Hence, by 
deforming the path of integration in (j59p from Ti to Tu, and taking into account (j60p . Lemma [3.21 and (j6ip . 
we obtain that for all z G -F, 



+^E^/;( 

-V^(_^['_ ('x^L(z,,z)^,e^("+^^+i)«'^- +i2„(z)^ 



where 

i?„(z) = <^ O(nMogn), if Ai = 1/2, +^ n If - « 

i O (n-i) , if 1< Ai < 2, 1^ ^ - 

uniformly on F as n ^ oo. This proves Theorem 12.41 

Proof of Theorems 12. 5i Let 6 G (0, p) be such that 1, 2) • • • ? 5^(5,s are pairwise disjoint and ip has analytic 
continuations 'ip± to for each A; G {1,2, ...,s}. Since, by Assumption A.l, ■;/; (lEp \ U^^-^S^^fc) is a 
closed set that does not contain any corner Zk, we can find e > and cr G {p — 6, p) such that for every 
A; G {1, 2, . . . , s}, 

ij±{[ak,u;k])cD,{zk)cGi, Z)e(^A:) n V (E. \ U^S^) = 0- (63) 
In addition, of course, we can assume that a satisfies the thesis of Lemma [3. 11 so that for each z G Vs^^ ■= 
ifj (Eo- \ U^^j^E^^fc), the function [if^iplw]) — ip{z)]~^ is analytic on [Di next(ro-)] \ {(j){z)}, with continuous 
boundary values on Ti UT^ and a simple pole at (j){z). Then, we get from (I14p and the residue theorem that 

P (^) = :^^±1I _^M^!^ + e„(^) 

= vm0'(.)[<^(.)]" + ^ J(;))_^(,) + ^"(-) 

, ^ 1 / (p'(z)t'' ^'(z)^^ \ , 

+^/^^ — / . , ^ - . , ^ Mt, z G 64 
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Let then E C Vs^a be a compact set and let r £ (p, 1) be such that E C Gr, so that e„(z) = O {y/n{rp)^) 
uniformly on ii^ as n ^ oo. On the other hand, again by Lemma |3. 11 the set 



^{T,) :=V(ext(r,)) \V'(ext(r,)) 
is compact and disjoint from E, so that 

min {199(C) - ^{z)\ : ( G ^Ta), z e E} > 0. (65) 
Therefore, we get from (|64|) by considering (|63p . Lemma 13.21 and (j65|) that for all z £ E, 
Pn{z) = \/^</.'(z)[(/>(z)r + 0(^a")+0(^(rp)") 

-^^^E (.A,""- (L(zfc,z)Afce^("+^*+i)®^ +r.„„(z)) 

= ^^ct>'{zmz)T-V^I^_^^_^p''^^'^' |^f;L(zfe,z)^fce^("+^^+i)Q^+i?„(z)j , 

where Rn{z) satisfies ()62p uniformly on as n — > oo. 

Thus, it only remains to prove Theorem 12. Sl fb). Let 5' > Q and e > be such that S^^^i, S5'^2) • • • ! 5^(S',s are 
pairwise disjoint, "0 has analytic continuations V'i to 5^^^ for each k E {1, 2, . . . , s}. 



and 



V-i C A(zfe) C Gi, 1 < A: < s, (66) 



Zk / ^ A(zfc) n D,{zA = 0. (67) 



Since for every 1 < k < s, 



i'±{w) - Zk 



hm ' = Afc > 0, 



we can assume b' was chosen so small that 

^fc^V-ifefe), l<A:<s. (68) 



Then, fix (5 S (0,(5'), and for this (5, choose cj E (0,p) satisfying Lemma l3.ll Let Zj be a (fixed) corner 
of Lp, and for each k such that V'('^fe) = -^j) let C S^^fc n Ep be a positively oriented closed simple path 
encircling the segment (£7^,0;^], whose only common point with Lo- is a^- 

By Lemma [3Tl ([66]) . ([67|) and ([68|) . the function [(^(^(tf)) — (/?(zj)]~ is analytic on Bi n ext(ro-), with 
continuous boundary values on T\\JV c,\\LiJk '■ '^{'^k) = zj}. Hence, we obtain from (jl4p that (with p < r < 1) 



P(, ) = V r . 



27ri 4 (^(V'(t)) - V7(z,) vv V 7 
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Now, after integrating by parts a couple of times over and using ([5^ we get 
f'it-uJk) "dt = ^ 



(1-Afc) 



(1-Afc)(2-Afc) 



+ 



n{n — 1) 



(1 - Afc)(2 - Afc) 
n{n — 1) 



(1- Afc)(2-Afe) 
27rm!(a;fc)"-^'=+^ 



j.n-2 



+ 0(nV"). 



r(Afc)r(n + 2-Afc) 

Then, combining ([69]) . Lemma [3121 relations (P8l) - ([5T|) and ([70|) . we conclude that 



+ E 

k:Zk=Zj 



E (.A^- JP"^'''^' (L(z,,z,)A,e^("+^^+i)«^- +0(1) 



n 

At-1 



O , 0<Afc<l/2, 



O (/5"/n2-^fe) , 1/2 < Afc < 2, Afc / 1, 



+o(0 + o(M"), 

so that if A^ = max{Afc : = zj, 1 < A; < s}, then 



+1 



0(^p"/n2^*j, 0<A*<l/2, 
Oip^/n), 1/2<A*<2, A*^l, 



(70) 



k:Zk=Zj 



n J 



k-.Zk^Zj 



P" 



(71) 



that is Theorem I2.5r b) holds true. 

3.5. Proof of Theorem 12.131 Proof of part (a): Fix m > an integer, and let us show that z^~^{z^ — 1)"^ 
is orthogonal over Gi to all powers z"^ with < n < sm + s — 2 an integer. For this, first notice that 
since both Gi and the area measure are invariant under a rotation of angle e^'^*/*, we have that for any two 
integers a, (3 such that a — /3 / mod s. 



Gi 



z'^zPdA{z) = 0, 



and therefore, ^(z* — I)™' = X^jLo ('")(— 1)™ ^z^^^^ ^ is orthogonal over Gi to all powers 2*™-'+' with 
0<m'<m, 0</<s — 2 integers. 

For the remaining powers, we obtain by applying Green's formula ([4, p. 10]) and making the change of 
variables z = {R'w' + ly/" that for < m' < m, 



Gi 



z'-\z' - l)"'z'"''+'-^dA{z) 



s{m' + l)27ri J^^ 

^s(m+l) r 



z'~\z' - l)'"z«(™'+i)dz 



f 



W 



sm+s~l( jJs 



(ii^tf^ + l)"^'+^dw 



s{m' + l)27ri 

0, < m' < m - 1, 

RM'n^+^) /[sm + s), m' = m. 
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Proof of part (b): We have that p = R~^, so that as shown in the proof of Theorem 12.41 ii F C Gp is 
compact, then for r € {R~^, 1) and certain a £ (0, R~^) sufficiently close to -R~^, we have that uniformly in 
2 G -F as n — > oo, 



k=l 



dt + O {^{r/RY) + O (^/^a") . (72) 



Now, suppose n = sm + /, with 0</<s — 2, m>0 integers. From ()44p for = 3s — / — 2, we get that 
uniformly in li; G ^k=i\-'^k-:^k]i z £ F, 

3S-1-3 



f{'^±{w))-(p{z) ip{0)-(p{z) ^ ^C-'' 



and since e^'^'-^/'^ipiw) = [e^'^'-^/'^w) for all 1 < A; < s, we have in virtue of ([72]), dH]), (jH]) and ([SSD that 



(j + l)!27ri 



1^1 

t"([V^+(t)pi-[^_(t)pi)di 



CTl 



+0 i^R 



-n-{is-l-l)/s 



n 

-^^-^{0,z)- 



{s-l- iy.2TTi 



dt 



s^Jn + 1 



+0 ( V^R-'^n-^^''^'^^/') . 



[V'-(t)] 



2s-«-l 



(it 



(73) 



Now, 

ij{w) = {R'w' + 1)1/^ = (i?s)i/^e*"(^-^)/^'(u; - a;i)i/^ 
and therefore. 



^ , (s-l)/?e-^-/-(t/;-a;i) , 

1 + + C'((u;-wi) ) 



[V'(«^)] 



(i?s)(^-'-^)/^e^'^(^"i)(^-'-i)/^'(T/; - u;i)(^-'-i)/^ 

• (^_i)(g_/_i)i^e-W^(^_^,) 
1 + + C'((u;-wi) ) 



and 



Then, from <\74h and ()75p . we obtain 



(74) 
(75) 



1 

2TTi 



dt 



r (n + (3s - Z - l)/s) r ((1 + / - s)/s) 
(-l)™i?-("+i)s-('+i)/^(s - l)(s - / - l)n! 



+ 



2r (n + (4s - / - l)/s) r ((1 + / - 2s)/s) 
+0 (R-^'n-^^'-^-^^/') , 



1 /■'^i 



2S-/-1 



2S-/-1 



(_l)m+l^-(n+l)^(2s-i-l)/s^| 



r (n + (4s - / - l)/s) r ((1 + / - 2s)/s) 

Theorem 12. 13l fb) follows immediately after inserting these two previous equalities into (j73p . 
3.6. Proofs of the zero results. 
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Proof of Theorem 12.81 Suppose that for some subsequence {n^}u>i C N, 

By extracting a subsequence if necessary, we may assume that for some fixed £ G {1, . . . ,q}, = qrui, + i 
with nil, S N, and by the compacity of Ti, that for some real numbers 02, ■ ■ ■ , ctu* 

hm e^'^*'"^^'^''^^ = e2^^'■'=^"^ I < k < u, 2<j<u*, 



so that by (l24|) . / must have the form (|25]) . 

Conversely, we now show that given an integer £ S {1, . . . , q} and arbitrary real numbers 02, • • • , ctu*, it 
is possible to choose a subsequence {njy}jy>i such that 

hm e^™--^^ = hm g'^K'^+^S^'^'^^"'^^^) = (|f+E;=2 ^ 1 < A; < ^. (76) 

f— »oo I'— >oo 

For this, we first observe that given arbitrary real numbers X2, ■ ■ ■ ,Xu, it is always possible to find a 
subsequence {m^},^>i C N such that 

>oo 

In effect, consider the set of linear forms in the variable x 



lim e^'^^'^'^^i'^'^^^ = e2^^'■'=^'^^^ 1 < A: < n, 2 < j < u* . (77) 



{rkjC\9jX : I < k < u, 2 < j < u*} , 
and suppose /J^j, 1 < A; < u, 2 < j < n*, are integers such that 

u* / u \ 
k,j j=2 \k=l / 

is a linear form whose coefficient is an integer. Then, by the linear independence of the numbers 1, • • • ^u* ? 
we must have ^^=1 Pkj'>'kj<i = for every 2 < j < u* . Hence, for an arbitrary collection of real numbers 
X2, ■ ■ ■ ,Xu*, we have Ylik j f^kjfkjqGjXj = 0) ^-^id so by Kronecker's theorem [21 Chap. Ill, Thm. IV.], it is 
possible to find a subsequence {mi,}u>i satisfying ([77|l . 

Then, choose a subsequence {my}y>i satisfying ([77|) with Xj = (o^j — ^Gj)/^.-, 2 < j < u*. Then, ([75]) is 
satisfied by the subsequence rii, := qm,y + ^, 1/ G N. 

It only remains to prove that there is a function / of the form (|25p that is not identically zero. Assume 
without loss of generality that the set {k : Zk = zi, 1 < k < u} consists of the numbers 1,2,... ,u' for some 
u' < u. It suffices to show that it is impossible to have 

|]<^'(zfc)ifce'"*(^+^^=^'''=^"^) =0, £g {!,..., q}, 02, . . . , a„* G M. (78) 

k=l 

Assume, on the contrary, that this is the case. Since ip'{zi)Ai 7^ and rij = for all 2 < j < u*, we must 
obviously have r^j = for all 1 < < u', 2 < j < u*, and consequently, 

9k = —, k = l,2,...,u'. 

qk 

Let q' < q he the least common multiple of the denominators qi,q2, ■ ■ ■ ,qu', and for k = 1,2, 
set p'j^ := Pkq'/Qk, so that I < p'f, < q' , and since 01,02, ■ ■ ■ ,0u' are pairwise distinct, so are the numbers 
p'i,P2, ■ ■ ■ ,'p'ui, and therefore u' < q' . Then, by ([78]) we must have 

Vk 



Y,^'{zk)AJe^-''l'^'Y' =Q V^e{l,...,g'}. 



k=l 



But this homogenous system of linear equations with unknowns ip'{zk)A]^, 1 < k < u' , has only the trivial 

^2-Kii/q \ ^ jg nonsingular. This contradicts 

that all the numbers ip'{zk)Ak are nonzero. 
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Proof of Corollary 12.101 Part (a): This is just a straightforward consequence of Theorem 12.81 and Hurwitz's 
theorem, therefore, we omit it. 

Part (h): Suppose there is a compact set E C Gp and a subsequence {nj} C N such that P*. has more 
than 2(J — 1) zeros on E counting multiplicities, where J is the number of corners of Lp (J < s). By 
Assumption A. 3 (and extracting a subsequence from {nj} if needed), we can assume that {P^ } converges 
locally uniformly on Gp to a nonzero function of the form R{ip{z)), where R{'w) is a rational function with 
numerator having degree no larger than 2(J — 1). By Hurwitz's theorem, there is an open set U D E 
such that for all j large enough, P*. and R[ip{z)) have the same number of zeros on [/, contradicting our 
assumption. 

We now show that f„ — ^ ^Lp-, for which we use standard arguments. By Helly's selection theorem 
Thm. 1.3], from every subsequence of {fn}n>i it is possible to extract another subsequence converging in the 
weak*-topology to a measure ^. Thus, to finish the proof, it suffices to show that every such limit measure 
II is the equilibrium measure of Lp. 

Then, suppose as j — > oo, so that by Corollarv 12.71 and what we just proved above, ^ must be 

supported on Lp. Let us denote by U°^{z) the logarithmic potential of the measure a, that is, 

:= I log j-^^da{t). 

Then, we obtain from Theorem 12.11 and the fact that z/„^ — ^ fj, that for all z G ^p 

U^{z) = lim C/^"^ (z) = lim — log — = log |0'(cx))/(/.(z)| . 

i^oo j-^corij \Pn.{Z)\ 

On the other hand, it is not difficult to see from the definition of fiip in (|20p that for all z G ilp, U^^p{z) = 
log |(/)'(oo)/(/)(z)|. Hence, /U and are two measures supported on Lp whose logarithmic potentials coincide 
in Qp, which in view of Carleson's theorem Thm. 4.13] forces /U = jj.^^. 

Proof of Corollary 12.91 By Theorem 12.81 there is a subsequence C N such that {-P^.} converges locally 
uniformly on Gp to a nonzero function of the form (j25p . Then, proceeding exactly as in the proof of Corollary 

12.10( b). we find that — ^ //^p as j ^ oo, and since the support of the equilibrium measure HLp is the 
whole of Lp, we must have Lp <Z Z. 



References 

Carleman, T. 1922. Uber die approximation analytischer funktionen durch lineare aggregate von vorgegebenen potenzen. 
Archiv. for Math. Atron. och Fysik 17: 1-30. 

Cassels, J. W. S. 1957. An introduction to diophantine approximation. Cambridge Tracts in Mathematics and Mathematical 
Physics. New York: Cambridge University Press. 

Davis, P. J. 1974. The Schwarz function and its applications. The Cams Mathematical Monographs 17. The Mathematical 
Association of America. 

Gaier, D. 1987. Lectures on complex approximation. Boston: Birkhauser. 
Knopp, K. 1952. Theory of functions, Vol. 2. New York: Dover. 

Korovkin, P. P. 1947. The asymptotic representation of polynomials orthogonal over a region. Dokl. Akad. Nauk. SSSR. 
58: 1883-1885 (in Russian). 

Lehman, R. S. 1957. Development of the mapping function at an analytic corner. Pacific J. Math. 7: 1437-1449. 

Levin, A. L., E. B. Saff and N. S. Stylianopoulos. 2003. Zero distribution of Bergman orthogonal polynomials for certain 

planar domains. Const. Approx. 19: 411-435. 

Martmez-Finkelshtein, A., K. T.-R. McLaughlin and E. B. Saff. 2006. Szego orthogonal polynomials with respect to an 
analytic weight: canonical representation and strong asymptotics. Constr. Approx. 24: 319-363. 

Martmez-Finkelshtein, A., K. T.-R. McLaughlin and E. B. Saff. 2006. Asymptotics of orthogonal polynomials with respect 
to an analytic weight with algebraic singularities on the circle. Int. Math. Res. Notices (doi:10.1155/IMRN/2006/91426). 
Maymeskul, V. and E. B. Saff. 2003. Zeros of polynomials orthogonal over regular A'^-gons. J. Approx. Theory 122: 129-140. 
Mina-Diaz, E. 2007. On the asymptotic behavior of Faber polynomials for domains with piecewise analytic boundary. 
Submitted for publication. arXiv:0706.1806 i^l [math.CA]. 

Mina-Diaz, E., E. B. Saff and N. S. Stylianopoulos. 2005. Zero distributions for polynomials orthogonal with weights over 
certain planar regions. CMFT 5: 185-221. 

Pommerenke, Ch. 1992. Boundary behavior of conformal maps. New York: Springer- Verlag Berlin Heidelberg. 
Saff, E. B., and V. Totik. 1997. Logarithmic potentials with external fields. Berlin: Springer- Verlag. 



24 



E. MINA-DIAZ 



[16] Smirnov, V. I., and N. A. Lebedev. 1968. Functions of a complex variable: constructive theory. Cambridge, Massachusetts: 
The M.I.T. Press. 

[17] Simon, B. 2006. Fine structure of the zeros of orthogonal polynomials, I. A talc of two pictures. ETNA 25: 328-368. 

[18] Suetin, P. K. 1974. Polynomials orthogonal over a region and Bieberbach polynomials. Proceedings of the Steklov Institute 

of Mathematics, Amer. Math. See, Providence, Rhode Island. 
[19] Suetin, P. K. 1998. Series of Faber polynomials. Amsterdam: Gordon and Breach Science Publications. 
[20] Szabados, J. 1979. On some problems connected with polynomials orthogonal on the complex unit circle. Act. Math. Scien. 

Hung. 33: 197-210. 

[21] Walsh, J. L. 1969. Interpolation and approximation by rational functions in the complex domain. Amer. Math. Soc. CoUoq. 
Publ. 20, 5th ed., Amer. Math. Soc, Providence, Rhode Island. 

Indiana University-Purdue University Fort Wayne, Department of Mathematical Sciences, 2101 E. Coliseum 
Blvd., Fort Wayne, IN 46805-1499, USA. Email: minae@ipfw.edu. 



